A Note on the p — ► q norms of Completely Positive Maps 
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King and Ruskai asked whether the p 
and q classes of self-adjoint operators, 



q norm of a completely positive map <£>, acting between Schatten p 

M *(A)||„ 



1*11*- 



max 



is equal to the p — » q norm of that map when acting between Schatten classes of general, not necessarily self- 
adjoint, operators. The first proof has been given by Watrous. We give an alternative proof of this statement. 



The Schatten g-norm is the non-commutative generalisation 
of the l q norms: for an operator A and for q > 1 

\\A\\ q ~ (TrQA]*)) 1 '* , 

where the absolute value \A\is defined as 

\A\ = (A* A) 1 / 2 . 

The maximal output purity of a completely positive linear 
map as measured by the Schatten g-norm, is defined as 



max ||$(A)|| 4 

Tr(A) = l 



This quantity is a measure of "noisiness" of the map | lj, con- 
sidering it as a channel for the quantum state A. It expresses 
the fact that a pure state will acquire at least this amount of 
mixedness when passing through the channel. 

It has been proven in 1 1 ] that this quantity is equal to the 
1 — > q norm of <f>, considering it as a map from the Schatten 
1 -class of self-adjoint operators to the Schatten g-class. That 
is 



max — - — — . 

A=A* \\A\\ X 



where the condition of positivity of A is no longer required. 
More generally, one can define the p — ► q norm as 



1*1 



A=A' \\A\\ p 



King and Ruskai asked in [3] whether the condition of self- 
adjointness of A in this definition can also be dropped, that is, 
whether the following holds: 



l*llp-9 



max ■ 

A 



PIIp 



They have proved this in 1 3 ] for the case p = q = 2, and for 
the case of completely positive trace preserving maps between 
2-dimensional Schatten classes with p = 1 and q > 2. 



A completely general proof has been given by Watrous |4] 
for any completely positive map and for all values of p, q > 1. 
In this note we present an alternative proof. 

Proof. Our proof uses the construction |2] of turning a gen- 
eral operator A on a Hilbert space H into a self-adjoint one by 
defining an operator on the doubled space H © Ti. 



Q:= 



A 
A* 



which is obviously self-adjoint. 

The absolute value of A is defined as \A\ — (A* A) 1 1 2 , and 
there exists a unitary U such that (AA*) 1/2 = U\A\U* . The 
absolute value of Q is therefore 



101 



f 




' 


A 


^ A* 


o)( 


A* 





AA* 


o s 


r 







A* A 







1/2 



( U\A\U* 
I \A\ 



The doubled space Ti © Ti is isomorphic to the space H © 
C 2 . Let $ (g) I2 be the completely positive map extending $ 
that operates trivially on C 2 . Then, using the fact that for a 
completely positive map = <£>(A)*, 



($®la)(Q) = 



$(A) 




Thus 



ll(*®i 3 )(0)IIS 

= Tr|($®l 2 )(Q)| 9 

\ 
J 

= 2Tr|$(A)| p , 



Tr 



Tr 



(<1>(A)*$(A)) 1 / 2 
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where in the last line we have again used unitary equivalence 
of XX* andX*X. 



2 



Likewise, 



Tr<S>(\A\) q < ||$||9 



||(#®l a )(|Q|)||* = 



Tr($® 1 2 )(|Q|)« 
/ $(U\A\U*) 

V $ pi 

Tr$(£/|A|[T)'? + Tr$(|A|)< z . 



Here we have used complete positivity of $, implying posi- 
tivity of ($(8»1 2 )(|Q|). 

Amosov and Holevo have shown in 1 1 ] that, for any com- 
pletely positive map f2, and any self-adjoint operator X, 
H^POHq < PG^DIIg- Applying this to the map $(8)1 2 and 
the operator Q, and combining with the above results gives 

2Tr|$(A)| 9 < Tr $(U\A\U*) q + Tr $(| 

Let us now impose the requirement ||-A|| P = 1. Thus, ob- 
viously, both \A\ and U\A\U* have p-norm equal to 1. Then, 
by definition of the p — > q norm of $, 



so that also 



2Tr|$(A)|« < 2||$||„ 



For general A, A/\\A\\ p has p-norm equal to 1, so that by 
homogeneity, 



PIIp 



< ll$l 



Maximising over all operators A, which includes the self- 
adjoint ones, we find 



\MA)\\ g 

max 
A P||p 



l$l 



□ 



Tr$([/|A|[/*)« < ||$||*_>, 
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